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Surface reconstruction from a point cloud is a very important aspect of computer
graphics, since it is needed for almost every 3D digitalization. Usual methods consist
in several well-identified phases (denoising, vertex subdetermination, ...), which are all
individual challenging tasks. The authors of the present paper [8] propose a unified solution
for surface reconstruction, based on dictionary learning. This dictionary learning problem
is solved by introducing a non-linear optimization problem, for which a solving algorithm
is also presented. Then, they compare their solution to state-of-the art alternatives.

1 Dictionnary Learning
The problem we want to solve is the following: given a set of points P = {p1, . . . , pn}, we
want to find a manifold triangular mesh M = {V,F} with V = {v1, . . . , vm} the vertex set
and F = {f(vi, vj , vk)|vi, vj , vk ∈ V, i 6= j, i 6= k, j 6= k} the triangle set to approximate the
underlying surface S, such that the approximation error is as low as possible. In this paper,
we approximate the surface S as the set of points P. The distance between a point pi and
mesh M as d(pi, f) = minf∈F d(pi, f) and will be used in the approximation error of the
mesh.

To have a sparse representation of the mesh, we define V = [v1, . . . , vm] ∈ R3×m the ver-
tex position matrix of the mesh M . We also introduce the matrices P = [p1, . . . , pn] ∈ R3×n

representing the set of points to approximate, and B = [b1, . . . , bn] ∈ Rm×n representing
the triangles of the mesh. The columns of B must have at most three non-zero elements
corresponding to the face associated to three vertices. We also define Z = P − V B the
matrix expressing the displacement of points of P to fit the mesh.

Surface reconstruction corresponds to the following dictionary learning problem [1]:
given P , find the dictionary V and sparse coding matrix B. This can be achieved by
solving the following optimization problem over V and B:

min
V,B

E = Eappr + Ereg (1)

s.t. ||bi||0 ≤ 3, ||bi||1 = 1, bi ≥ 0 ∀i
B ∈MT

where
Eappr = 1

n
||Z||2,q = 1

n

n∑
i=1
|||pi − V bi||q2

measures the distance from the point set to the mesh with l2,q-norm, and

Ereg = weEedge + wnEnormal

is a regulation term, made to obtain a more regular mesh. Define ei = vt − vs for every
vertex (vs, vt). Eedge = 1

l

∑l
i=1 ||ei||22 is made to obtain more regular triangles as possible

(i.e close to equilateral), and Enormal = 1
3n

∑n
i=1

∑
ej∈f (npi · ej)2 is used when reliable
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normal vectors npi are associated to each pi. Both terms are quadratic in V . MT is a
subset of Rm×n, consisting of elements whose columns correspond to triangles that can
form a manifold mesh.

2 Numerical Optimization
It as been shown that using the l2,q-norm with small q instead of the usal l2-norm gives
much better result [2, 4] when input data have noise. But the optimization problem is
then hard to solve (NP-hard) [7]. In this paper, the authors propose an efficient method to
approximate the solutions of such an optimization problem.

Algorithm 1: Overview of the method
Data: Point cloud P = [p1, . . . , pn] ∈ R3×n

1 Initialize dictionary V and sparse coding matrix B from P
2 repeat
3 Update matrix B (Sparse Coding)
4 Update V (Dictionary Update)
5 until convergence;
6 return Mesh M(V,F)

This algorithm works in three major steps:

Initialization The dictionary V is initialized from P using a Poisson-disk sampling [5]. For
sparse coding matrix B, triangles are added one-by-one. They are chosen to minimize
a well-chosen energy function, that tries to minimize the function of equation (1).
The resulting initial mesh is not of high quality in term of geometry or topology, but
it will be improved by the next steps.

Sparse Coding For this step V is fixed and we try to choose the vr, vs, vt associated
to each pi to minimize Eappr + Ereg. The method is a edge-based sparse coding
method: all edges are sorted by the "distance" they have to the surface (using again a
well-chosen energy function). For all of them, they are updated to lower this energy
function. After that we delete triangles that are no more associated to sample points.

Dictionary Update For this step the connectivity of vertices is fixed, and the goal is to
optimize the position of the vertices. As minV E = Eappr + Ereg is non-linear and
non-differentiable, the authors use a method from [6] based on variable splitting.

3 Experimental Results
For demonstrating the power of their method over other ones, the authors chose the
parameters q = 0.3, we = 2.5 and wn = 1.6.

Compared to existing solutions, their proposal seems to be better in recovering the
detail of the surface, more robust to noise and provide a better triangle quality.

Even using more precise benchmark from [3], the resulting mesh is one of the best
among the existing alternatives. When it comes from performance, the execution time in
the order of the other ones, but always produces a mesh with much less vertices.

But the present algorithm still have some limitations. First, because of the non-
linear nature of the considered optimization problem, the convergence is not theoretically
guaranteed, and the minimum found could be a local one. The second problem is that
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because of the nature of the algorithm, it cannot predict any triangle in big areas where
the data has missing points.
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