
Optimal Homologous Cycles, Total Unimodularity, and
Linear Programming

by Tamal K. Dey, Anil N. Hirani and Bala Krishnamoorthy

Etienne Moutot, Johanna Seif

January 8, 2017

1 Introduction
The information contained in a shape is a subject of interest in many fields such as engi-
neering developments. Therefore topology cycles are interesting since they contain many
important features of the shape. Since the applications are often about optimization prob-
lem, a problem often studied is, for a fixed cycle c, finding the shortest cycle in the same
topology class. The difficulty of this problem strongly depends on the group used to define
homology classes and the dimension. Dimension 2 has been studied a lot [1, 2, 5]. But as
new applications arise, the arbitrary dimension case is gaining attention [4, 9].

The main subject of this article is to tackle the problem in the case where the group is Z
(which is generally consider as being harder than Z2 since it is not a field). It was recently
shown that this problem is NP-hard for Z2 by Chen and Freedman [3] By expressing the
problem as a linear program, like Tahbaz-Salehi and Jadbabaiedid [9], the authors of the
present paper [6] find a sufficient condition for the problem to be solvable in polynomial
time for Z.

2 Optimization Problem

2.1 Topological preliminaries

We consider in this article an oriented simplicial complex K.

Definition 2.1. A p-chain with Z coefficients in K is a formal sum of a set of oriented
p-simplices in K where the sum is defined by addition in Z. We denote Cp(K) the p-chain
group of K.

The elementary chain basis for Cp(K) is the basis that takes value 1 on a single oriented
p-simplex σ, −1 on the opposite orientation and 0 on all the other simplices. When there
is no ambiguity, we denote it σ.

Definition 2.2. The boundary operator ∂p : Cp(K) → Cp−1(K) (where v̂i is the
deletion of vi in the vertex set) is defined by: ∂p[v0, . . . , vp] =

∑p
i=0(−1)i[v0, . . . , v̂i, . . . , vp].

Definition 2.3. Let {σi}m−1
i=0 and {τj}n−1

j=0 be the set of oriented (p − 1) and p simplices
respectively in K. We write ∂pτj =

∑
αiσi. Then the matrix representation [∂p] of the

homeomorphism ∂p is defined by [∂p]i,j = αi.
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We construct [∂p] like we would construct a matrix of a linear operator between vector
spaces. This matrix is a major tool in the expression of the problem as a linear program
(as we will see on 2.2).

This being defined, we define the homology group just as in class.

Definition 2.4. Two p-chains c and c′ in K are homologous if there exists a (p+1)-chain
d in K such that c = c′ + ∂p+1d. If c ∈ Bp+1(K), then we says that c is homologous to
zero.

Fundamental theorem of finitely generated groups. [7] Every finitely generated
group G can be written as G = F ⊕ T where F is homeomorph to a direct sum of Z and
T ∼= Z/t1 ⊕ · · · ⊕ Z/tk with ti > 1 and ti|ti+1.

We see here that T corresponds to the group of elements with finite order. We say
that G is torsion free if T = 0.

In what is shown in the article, the important group is not the homology group the
relative homology group.

Definition 2.5. We call relative chain Cp(L,L0) of L modulo a subcomplex L0 the
quotient group Cp(L)/Cp(L0).

The restriction of ∂p to L0 induces a homomorphism ∂
(L,L0)
p : Cp(L,L0)→ Cp−1(L,L0).

We define Zp(L,L0) = ker ∂(L,L0)
p the relative cycles group, Bp(L,L0) = im ∂

(L,L0)
p+1 the

relative bounderies group, Hp(L,L0) = Zp(L,L0)/Bp(L,L0) the relative homology group.

2.2 Optimization formulation of the problem

Now we express our problem in term of linear program. We consider a diagonal matrix
W = D(w0, . . . , wn−1) where wi is the weight of the simplex σi. First let’s give the
formalization of the optimal homologous chain problem (OHCP):

Input: a p-chain c in K and the diagonal matrix W .
Output: find c∗ homologous chain to c that minimize ‖Wc∗‖1 (with the classical

definition of the 1-norm).
This problem is more general that the homology cycle problem, since it studies homol-

ogy with any chain. And with different choice of W , we can express other problems.
First it is a classical result that a minimizing problem the absolute values of n variables

can be reduced to a new minimization problem on 2n positive values (replace |xi| with
x+

i − x
−
i ).

Assume we are working on a p-chain c. Let n and m be the number of respectively
p-simplices and p + 1-simplices of K. We consider W to be the diagonal matrix of the
weights of the p-simplices. Then the homology can be written as:

min
∑

i

|wi|(x+
i + x−i )

subject to x+ − x− = c + [∂p+1](y+ − y−)
x+,x−,y+,y− > 0
x+,x− ∈ Zm,y ∈ Zn

This linear program always has a solution since c is a homologous chain and the
minimum is well defined: indeed since we are working with integer, the number of elements
satisfying the conditions is finite. Moreover y is decomposed so that we have positivity of
the elements and therefore a classical form of linear program.
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3 Totally Unimodular Matrices

3.1 General theorem

The main result of the article lies on the good behavior on integer linear program when
conditionned by TU matrices. This exactly what the following theorem states.

Theorem 1. We consider two vectors b ∈ Zm and f ∈ Rn and the integer linear program:

min f Tx subject to Ax = b,x > 0,x ∈ Zn

Then if A is TU, this integer linear program can be solved in polynomial time in the
dimensions of A.

Let’s give the idea behind the proof of that theorem. The first thing is that the optimal
values of a linear program are always obtained in at least one vertex of the polyhedron
given by the set of conditions when the set of solution is bounded and non empty. And the
matrix has coefficients in {−1, 0, 1} so the linear program is solvable in strongly polynomial
time.

And in the case were the associated matrix is TU, the vertices of the polyhedron are
integral. Therefore solving the relaxation of the problem with a vertex solution program
gives an optimal in polytime. And this optimal can be transformed in an integer optimal
in polytime.

3.2 Application to the OHCP problem

The matrix associated to our linear program is
[
I −I −[∂p+1] [∂p+1]

]
where I is the

identity matrix. So, thanks to Theorem 1, if this matrix is TU, we have a polytime
algorithm that solves our problem.

Lemma 2. If [∂p+1] is TU then
[
I −I −[∂p+1] [∂p+1]

]
is also TU.

This lemma shows that [∂p+1] being TU is a sufficient condition to solve the homologous
chain problem for p-chains in polytime. We will see in the next section what are the
conditions on the relative homology group to have [∂p+1] to be TU.

4 Modularity equivalence and its implications

4.1 Main theorem

Let’s state the main result of this article. First we need the definition of a pure simplicial
complex.

Definition 4.1. A pure simplicial complex of dimension p is a simplicial complex
formed by a collection of p-simplices and their proper faces. Similarly, a pure subcom-
plex is a subcomplex that is a pure simplicial complex.

Theorem 3. [∂p+1] is totally unimodular iff Hp(L,L0) is torsion-free for all pure subcom-
plexes L0, L of K of dimension p and p+ 1 respectively, where L0 ⊂ L.

First we define the matrix
[
∂

(L,L0)
p+1

]
from [∂p+1]: include the column corresponding to

(p + 1)-simplices in L; exclude the rows corresponding to the p-simplices in L0 and the
zero rows.
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Proof idea. The two sides of the equivalence are shown by contraposition.
A great part of the proof relies on the Smith normal form, since it is a direct echo to

the fundamental theorem of finitely generated groups. We know that we there exists S
and T invertible, D = diag(d1, . . . , dl) (where di > 1) such that:

[
∂

(L,L0)
p+1

]
= S

[
D 0
0 0

]
T

And in it is proved that the torsion are give by elements greater that 1. So dk > 1 for
some k iff we have a torsion

4.2 Decision problem

The equivalence given by the article might not make the computation easier, since com-
puting torsions for all L,L0 is hard. However the unimodularity gives some interesting
results as the following corollary.

Corollary 4. For a simplicial complex K of dimension greater than p, there is a polyno-
mial time algorithm for answering the following question: Is Hp(L,L0) torsion-free for all
subcomplexes L0 and L of dimensions p and (p+ 1) such that L0 ⊂ L?

Proof idea. This is an immediate consequence of the existence of a polytime algorithm
deciding if a matrix is TU [8].

4.3 Influence of the orientation

The other important result in the article is a result on the simplicial complexes that
triangulate compact orientable manifold. A triangulation of a a topological space is a
simplicial complex K with a homeomorphism between the space and the polyhedron |K|.

Theorem 5. For a finite simplicial complex triangulating a (p+ 1)-dimensional compact
orientable manifold, [∂p+1] is totally unimodular irrespective of the orientations of the
simplices.

Proof idea. The proof is easier when the (p + 1)-dimensional simplices of K are oriented
consistently, qualitatively speaking it means that the p + 1 boundary is carried by the
topological boudary. And consistent orientation of (p + 1)-simplices always exists for a
finite triangulation of a compact orientable manifold. Moreover a change of orientation
only implies operation on [∂p+1] that do not influence unimodularity.

So w.l.o.g. we assume we have a consistent orientation. The idea is that if a p-face
τ is a boundary, it is the face on one p-simplex, otherwise of two. So the row of [∂p+1]
corresponding to τ contains one (1 or −1) or two nonzeros (one 1 and one −1). It can be
proved that such {−1, 0, 1}-matrix is unimodular.

On the contrary, there exists non-orientable manifolds for which the matrix is not
totally unimodular. It is for instance the case for the simplicial complex composed by a
triangulation of the Möbius strip. This seems to show that the problem is highly linked
with the orientation in a topological sense.
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5 Discussion
The first point is that we have here a positive result for torsion free spaces. But this

is not a negative result for spaces that are not torsion free since TU matrices are not a
necessary condition to obtain polynomial time solution.

A second question that could be interesting is: how this torsion free result can be
generalized for surfaces under other groups? And what result would we obtain for Z2 if
we only consider simplices that are torsion free? Maybe this condition is the way to make
the whole problem easier.

A last point that is important to note is the implementation part of the article.
Thought it provides beautiful images to visualize the problem, there is no transparency
concerning the code. No detail of implementation where given and this a drawback since
science needs to be reproducible.
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